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Abstract
The main aim of this paper is the adaptation of the results of the papers [Y.A. Bahturin, S.K. Sehgal,
M.V. Zaicev, Group gradings on associative algebras, J. Algebra 241 (2) (2001) 677–698; Y.A. Bahturin,
S.K. Sehgal, M.V. Zaicev, Finite-dimensional graded simple algebras, preprint, and M.V. Zaı˘tsev, S.K. Se-
gal, Finite gradings of simple Artinian rings, Vestnik Moskov. Univ. Ser. I Mat. Mekh., vol. 3, 2001,
pp. 21–24, 77 (in Russian); translation in Moscow Univ. Math. Bull. 56 (3) (2001) 21–24] about the struc-
ture of graded simple rings from the gradings by groups to the gradings by cancellative semigroups.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Recently a number of classification-type results about the structure of graded ring and algebras
have been obtained in the case where the grading object is a group [1–3,7]. Many of these results
are no more valid if we allow the gradings by arbitrary semigroups. For example, in the case of
groups there are only two basic types of gradings on the matrix algebra R = Mn(F) (see [3]).
Firstly, elementary gradings, where each matrix unit is homogeneous and all diagonal matrices
have trivial grading. Secondly, fine gradings where each component is 1-dimensional, spanned
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tensor products of algebras and so called induced gradings of the tensor products of graded
algebras. An obvious candidate for an alternative grading of Mn(F) in the case of gradings
by semigroups is the natural grading by the subsemigroup S ⊂ Mn(F) of matrix units and 0:
S = {Eij | 1 i, j  n} ∪ {0}. Yet, as we will see in this paper, for a wide class of cancellative
semigroups (see Definition 2) many results of the above mentioned papers remain true. It should
be stressed that cancellative semigroups can be quite far from the groups. The condition that
defines cancellative semigroups is necessary for a semigroup to be embeddable in a group but
not sufficient [4]. Thus we cannot “automatically” assume that a ring graded by a cancellative
semigroup is also graded by a larger group. But when we deal with graded simple ring there is a
tool (Proposition 2) that allows us to reduce the grading by semigroups to the gradings by groups.
2. Notation and general results
Let R be a ring and G a semigroup. A G-grading on R is an additive direct sum decomposition
R =
⊕
g∈G
Rg such that RgRh ⊂ Rgh for any g,h ∈ G. (1)
The subset SuppR = {g ∈ G | Rg = 0} is called the support of the grading (1). The grading
is called finite if SuppR is a finite set. The elements in the component Rg are called homoge-
neous of degree g. If x ∈ Rg we will write degx = g. A subring S of R is called graded if
S =∑g∈G(S ∩ Rg). If G possesses the identity element 1 then R1 is called the identity compo-
nent. The grading is called trivial if Rg = 0 for any 1 = g ∈ G.
Definition 1. A mapping ϕ :R =⊕g∈G Rg → S =⊕g∈G Sg is called a homomorphism (iso-
morphism) of G-graded rings, G is a semigroup, if ϕ is an ordinary ring homomorphism (iso-
morphism) and ϕ(Rg) ⊂ Sg, g ∈ G.
A simple remark is as follows.
Lemma 1. Let R and S be two G-graded rings, G is a semigroup. Suppose G˜ is a subsemigroup
of G such that SuppR,SuppS ⊂ G˜. If ϕ :R =⊕g∈G Rg → S =⊕g∈G Sg is a homomorphism
(isomorphism) of G˜-graded rings then ϕ is also a homomorphism (isomorphism) of G-graded
rings.
By the way, if a ring R is graded by a subsemigroup G˜ of a semigroup G then it can easily
be turned into a G-graded ring if one keeps Rg for g ∈ G˜ and additionally sets Rg = 0, for
g ∈ G \ G˜.
Definition 2. [4] A semigroup G is called cancellative if for any g,x, y ∈ G any one of the
relations xg = yg or gx = gy implies x = y.
From now on all semigroups will be cancellative. A well-known fact, which we prove for
easier reference, is the following.
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identity of G.
Proof. Indeed, for any g ∈ G we have ge = ge2. Therefore, ge = (ge)e. By the cancellation
property, g = ge. Similarly, g = eg and then e is the identity element of G. 
If G has an identity element we will denote it by 1. Another simple remark is as follows.
Lemma 3. If G is a cancellative semigroup and R is a G-graded ring with unit element I then
I ∈ R1.
Proof. For if I = I1 +∑g =1 Ig is the decomposition of I as the sum of homogeneous compo-
nents then for any homogeneous element x ∈ Rh one has
x = xI1 +
∑
g =1
xIg.
By the cancellation property only one xIg can be non-zero. If this happens for some g then
h = hg = hg2. Canceling h on the left we find that g is an idempotent. By Lemma 2, g must be
the identity 1 of G. Hence, x = xI1 for any homogeneous x ∈ R. Similarly, x = I1x. It follows
that I1 is the unit element of R so that I1 = I and thus I is homogeneous of degree 1. 
Corollary 1. A ring with unit element cannot be graded by a cancellative semigroup without
identity.
A G-graded ring R is called graded simple if R has no nonzero proper graded ideals different
from R itself.
Proposition 1. Let R be a G-graded simple ring, G a cancellative semigroup with 1. If R1 is
nonzero then any g ∈ SuppR is invertible.
Proof. Take g ∈ SuppR. Then Rg = 0. Consider the two-sided ideal P = RRgR. If P = 0
then Rg is a nonzero graded ideal of R, hence R = Rg . But also R2g = 0 and so R2 = 0. This
contradicts the graded simplicity of R. Otherwise, P = R. Any element in P is the sum of the
form u =∑i aixibi where degxi = g, degai = hi , degbi = ki , hi, ki ∈ G. Since P = R, there
is nonzero u of degree 1. Then one of the components aixibi will be of degree 1. In other words,
higki = 1. Multiplying both sides by hi on the right we will have higkihi = hi . By cancellation,
g(kihi) = 1. Similarly, (kihi)g = 1 and g−1 = kihi . Thus any element in SuppR is invertible, as
claimed. 
A quick corollary is the following.
Corollary 2. Let G be a cancellative semigroup and R a G-graded simple ring with the unit
element I . Then G has identity 1 and there is a subgroup G˜ ⊂ G such that SuppR ⊂ G˜.
This corollary shows that in the study of algebraic structure of R one can replace G, which is
a semigroup, by G˜, which is a group.
The following lemma in the case where G is a group is due to Cohen–Rowen [5].
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SuppR does not contain the identity element 1 of G and |S| = n then Rn+1 = 0.
Proof. Consider arbitrary homogeneous elements x1 ∈ Rg1, . . . , xn+1 ∈ Rgn+1 . If all h1 =
g1, h2 = g1g2, . . . , hn+1 = g1g2 · · ·gn+1 are pairwise distinct then at least one hi does not belong
to S. It follows that x1 · · ·xi ∈ Rhi = 0. If the chain h1, h2, . . . , hn+1 contains at most n distinct
elements then hi = hj for some 1  i < j  n + 1. Then hi = hih′i . As before, we derive that
h′i = 1. In this case gi+1 · · ·gj = 1 and xi+1 · · ·xj ∈ R1 = 0 since 1 ∈ H = SuppR. We have
verified the equality x1 · · ·xn+1 = 0 for any homogeneous x1, . . . , xn+1, hence Rn+1 = 0. 
Proposition 2. Let R be a ring with a finite G-grading, G a cancellative semigroup. If R has no
nonzero graded nilpotent ideals then G has 1, every element in SuppR is invertible and R1 has
no nonzero nilpotent ideals. If R has unit I then I ∈ R1. If R is Artinian (Noetherian) then R1 is
Artinian (Noetherian).
Proof. If G has no 1 then by Lemma 4 R is nilpotent. Therefore, G has 1. The idea of the proof
is essentially the same as in Proposition 1. If g ∈ SuppR has no inverse we should consider the
2-sided ideal of R of the form P = RRgR. Then P is a G-graded ring such that SuppP does not
contain 1. Again by Lemma 4 P is nilpotent. This contradicts our hypothesis. Therefore, SuppR
consists of invertible elements and generates a subgroup G˜. As a G˜-graded ring R satisfies the
same conditions but now [7, Lemma 3] applies and shows that R1, which is the same both for G
and G˜, has no nilpotent ideals. The remaining claims are also part of that lemma. 
In the statements of some results of the next section we will need also the notions of a torsion-
free semigroup and ordered semigroup. We say that G is torsion free if for any x ∈ G different
from 1 all natural powers xn of x are pairwise different.
Lemma 5. Let G be a cancellative semigroup, R =⊕g∈G Rg be a ring with a finite G-grading.
If G is torsion free then all homogeneous elements a ∈ Rg,g = 1, are nilpotent.
Proof. If g = 1 then all g,g2, . . . , gn, . . . are distinct since G is torsion free. But since the grad-
ing is finite, Rgn = 0 for some n 2 and an = 0 if a ∈ Rg . 
Definition 3. A semigroup G is called ordered if G is a totally ordered set with an order relation
“” and for any three elements x, a, b ∈ G if a  b then xa  xb and ax  bx.
It easy to observe that any ordered semigroup is torsion-free while the converse is not true
even for the groups.
3. Main results
Our main results deal with the gradings on various types of rings graded by cancellative semi-
groups, possibly with certain additional restrictions. All of them are generalizations of certain
results about group graded rings, obtained in [1,2,7].
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We start with the definition of elementary gradings. Let G be an arbitrary semigroup with 1
and R = Mn(F) an n × n matrix ring over a field F . Consider the nth direct power Gn = G ×
· · · × G of G and pick an element g¯ = (g1, . . . , gn) ∈ Gn, where each gi is invertible. This will
define the elementary grading on R as follows.
We first define a grading on a subring generated by matrix units Eij ,1 i, j  n by assuming
that all matrix units are homogeneous and setting
degEij = g−1i gj . (2)
Since EijEkl = 0 for k = j , and g−1i gj g−1j gr = g−1i gr , (2) defines a grading on the subring in
question. Actually, also R becomes graded if in addition we require that all scalar matrices are in
the R1, where 1 is the unit of G (this condition holds automatically if we view Mn(F) a graded
F -algebra, not just a graded ring), that is
F ⊂ R1. (3)
This grading will be trivial if and only if g1 = · · · = gn.
Definition 4. A grading on the matrix ring Mn(F) is called elementary if it satisfies conditions
(2), (3) for some n-tuple (g1, . . . , gn) of invertible elements of G.
Now any simple (left) Artinian ring is isomorphic to the matrix ring Mn(Δ) over a division
ring Δ. For such a ring one can obtain a grading from the condition (1) if to require in addition
that
Δ ⊂ R1. (4)
Definition 5. A grading on a simple Artinian ring Mn(Δ) is called elementary if it satisfies
conditions (2), (4) for some n-tuple (g1, . . . , gn) ∈ Gn.
An important sufficient condition for a grading of a simple Artinian ring to be elementary is
the following.
Lemma 6. Let G be a cancellative semigroup and R = Mn(Δ) a matrix ring over a division rind
Δ equipped with a G-grading. Then G has 1. If all scalar matrices are in R1 and all matrix units
Eii, i = 1, . . . , n, are homogeneous then the grading is elementary.
Proof. By Corollary 2 we know that G must have 1 and by Proposition 1, each g ∈ SuppR is
invertible. Now note that any idempotent u from R which is homogeneous in the G-grading is
in R1 since from conditions u ∈ Rg,u2 ∈ Rg2, u2 = u it follows that g2 = g, i.e. g = 1. Now
if E11, . . . ,Enn ∈ R1 then all Eij are homogeneous. Indeed, for any pair of indexes k and t we
must have g ∈ G and a ∈ Rg such that a =∑i,j aijEij and akt = 0. But then from Ekk,Ett ∈ R1,
a−1kt I ∈ R1 where I is the unit matrix it follows that
Ekt =
(
a−1kt I
)
Ekk
(∑
aijEij
)
Ett ∈ Rg.i,j
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there exist g1, . . . , gn such that E1i ∈ Rgi . Moreover g1 = 1. Since E1iEi1 = E11 ∈ R1 we must
have Ei1 ∈ Rg−1i . Then it follows that Eij = Ei1E1j ∈ Rg−1i gj , that is the grading is elementary
and the defining n-tuple is (g1, . . . , gn). 
The main result of this subsection is the following.
Theorem 1. Let R =⊕g∈G Rg be a simple Artinian ring with a finite G-grading, G a cancella-
tive semigroup. If G is torsion free then R is isomorphic, as a graded ring, to a matrix ring
Mn(Δ) with an elementary G-grading.
Proof. One can apply Corollary 2 to conclude that there is a subgroup G˜ ⊂ G, SuppR ⊂ G˜. So
we can view R as a G˜-group graded ring. Being a subgroup of G, G˜ is a torsion free group so
that [7, Theorem 1] applies and R is isomorphic, as a G˜-graded ring to Mn(Δ) with elementary
G˜-grading. By Lemma 1, R is isomorphic, as a G-graded ring to Mn(Δ) and, of course, an
elementary G˜-grading is also an elementary G-grading. Thus the proof is complete. 
Corollary 3. If Δ is a division ring endowed with a finite grading by a cancellative semigroup
then G has 1 and the grading is trivial.
3.2. Semiprimitive Artinian rings
Considering the result of the previous subsection, it is clear that to describe all gradings on a
semiprimitive Artinian ring R it is sufficient to show that any simple summand of R is graded.
This is done by the following.
Theorem 2. Let R =⊕g∈G Rg be a semiprimitive Artinian ring with a finite G-grading by a
torsion free group G. Then any simple summand of R is graded.
Proof. This is very easy considering that if G is a group then this result is true. Now if G is not
a group then we recall that, being semiprimitive, R has no nilpotent ideals and so Proposition 2
applies. So there is a subgroup G˜ ⊂ G such that SuppR ⊂ G˜. If we apply [2, Theorem 2] then
any ideal J of R is G˜-graded, that is,
J =
∑
g∈G˜
(J ∩ Rg) =
∑
g∈SuppR
(J ∩ Rg) =
∑
g∈G
(J ∩ Rg), (5)
as needed. Therefore, J is G-graded, and the proof is complete. 
Corollary 4. Let R be a semiprimitive Artinian ring endowed with a finite grading by a torsion-
free cancellative semigroup G. If R is G-graded simple then it is simple, that is, R ∼= Mn(Δ), for
an appropriate natural n and division ring Δ.
3.3. Graded simple rings
In this section we adapt to semigroup gradings two results from [2] in which, under certain
conditions, it is proved that a graded simple ring must be simple in the ordinary sense. In the first
theorem the grading semigroup G is required to be ordered (see Definition 3).
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a finite G-grading. If R is graded simple then R is simple.
Proof. We have to apply Proposition 2. Since R is graded simple, it does not have nilpotent
graded ideals and so there is a subgroup G˜ ⊂ G such that SuppR ⊂ G˜. Then R becomes G˜-
graded. If we use the argument (5) then we see that each G˜-graded ideal of R and thus R is
G˜-graded simple. Finally, being a subgroup of an ordered semigroup G, G˜ is an ordered group
under the restriction of the ordering of G, and so [2, Theorem 2] applies showing that R is a
simple ring, as claimed. 
If we replace the orderability restriction on the grading semigroup G by simply assuming
that G is torsion free then the same result holds if we assume, as in Section 3.1 that the ring is
Artinian.
Theorem 4. Let G be a cancellative semigroup and R =⊕g∈G Rg an Artinian ring graded
by G. If R is graded simple, the grading is finite, and G is torsion-free then R is isomorphic as a
G-graded ring to a matrix ring Mn(D) over some division ring D with an elementary grading.
Proof. The argument is the same as in Theorem 3. 
An important corollary is the following.
Corollary 5. Let R be a finite-dimensional algebra over a field F endowed with a finite grading
by a torsion-free cancellative semigroup G. If R is G-graded simple then it is simple, that is,
R ∼= Mn(Δ), for appropriate natural n and a finite-dimensional division algebra Δ over F .
This corollary follows also from a very general theorem of the next section where the restric-
tions on R are the strongest: the ring must be an algebra over an algebraically closed field of
characteristic zero.
4. Graded simple finite-dimensional algebras
This section is devoted to the adaptation of a recent result from [1] on the structure of finite-
dimensional G-graded simple algebras, G an arbitrary group, over an algebraically closed field
of characteristic 0 or p > 0 where p is coprime to the order of any finite subgroup of G. Being G-
graded simple algebras, such algebras R have no proper nontrivial graded ideals. Obviously such
algebra itself cannot be nilpotent and so the hypotheses of Proposition 2 are satisfied yielding,
as we had done repeatedly, the existence of a subgroup G˜ ⊂ G such that SuppR ⊂ G˜. Now the
following theorem is the main result of [1]. For convenience, we formulate this result with G
replaced by G˜.
Theorem 5. Let R =⊕g∈G˜ Rg be a finite-dimensional algebra over an algebraically closed
field F graded by a group G˜. Assume that either charF = 0 or charF is coprime to the order
of any finite subgroup of G˜. Then R is graded simple if and only if R is isomorphic to Mk(F) ⊗
Fσ [H ] ∼= Mk(Fσ [H ]), a matrix algebra over the graded division algebra Fσ [H ] where H is a
finite subgroup of G˜ and σ :H × H → F ∗ is a 2-cocycle on H . The H -grading on Fσ [H ] is
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deg(Eij ⊗ xh) = a−1i haj for any matrix unit Eij and any homogeneous element xh ∈ Fσ [H ]h.
Let us quickly explain some of the notions used in this theorem. First of all, a 2-cocycle σ on
a group H with values in the multiplicative group of a field F is a mapping σ :H × H → F ∗
satisfying
σ(x, y)σ (xy, z) = σ(x, yz)σ (y, z) for all x, y, z ∈ H.
Given a 2-cocycle on a group H one can make an ordinary group ring F [H ], with the canonical
basis {rg | g ∈ G}, into a skew group ring Fσ [H ] if one sets rgrh = σ(g,h)rgh. If a cocycle is
a coboundary, that is, there is a mapping τ :G → F ∗ such that σ(x, y) = τ(xy)τ(x)−1τ(y)−1
then Fσ [H ] ∼= F [H ]. The canonical grading on R = Fσ [H ] is given by Rh = Span{h}. A good
reference is [6].
Also, a semigroup graded algebra is called a graded division algebra if any homogeneous
element of R is invertible. It is obvious that the canonical grading on Fσ [H ] makes it into a
graded division algebra.
The adaption of this theorem to the case of arbitrary cancellative semigroups goes as follows.
First of all, if we assume that R is graded simple over G then as we noted before (with the
use of (5)) R is graded simple also over G˜. If the base field F is of characteristic p > 0 and p
is coprime to the order of any finite subgroup of G then, G˜ being a subgroup of G, the same
property holds for the finite subgroups of G˜. Thus if we assume that R is a finite-dimensional,
G a cancellative semigroup, over a field F of characteristic 0 or p > 0, such that p is coprime to
the order of any finite subgroup of G then the hypotheses of Theorem 5 are satisfied.
If R is G-graded simple then R is also G˜-graded simple. Then by Theorem 5, R as a G˜-
graded simple is isomorphic to S = Mk(F) ⊗ Fσ [H ] ∼= Mk(Fσ [H ]), a matrix algebra over the
graded division algebra Fσ [H ] where H is a finite subgroup of G˜ and σ :H × H → F ∗ is a
2-cocycle on H . The H -grading on Fσ [H ] is canonical and the G˜-grading on Mk(Fσ [H ]) is
defined by a k-tuple (a1, . . . , ak) ∈ G˜k , so that deg(Eij ⊗ xh) = a−1i haj for any matrix unit Eij
and any homogeneous element xh ∈ Fσ [H ]h. As noted after Lemma 1, S can also be viewed
as a G-graded algebra, if we set Sg = 0, for any g ∈ G \ G˜. As a G-graded algebra, S has
precisely the same description as it had when considered as a G˜-graded algebra, that is, S =
Mk(F)⊗Fσ [H ] ∼= Mk(Fσ [H ]), a matrix algebra over the graded division algebra Fσ [H ] where
H is a finite subgroup of G and σ :H ×H → F ∗ is a 2-cocycle on H . The H -grading on Fσ [H ]
is canonical and the G-grading on Mk(Fσ [H ]) is defined by a k-tuple (a1, . . . , ak) ∈ Gk , so that
deg(Eij ⊗ xh) = a−1i haj for any matrix unit Eij and any homogeneous element xh ∈ Fσ [H ]h.
Also SuppR ⊂ G˜. Now we can apply Lemma 1 and conclude that R and S are isomorphic as
G-graded algebras.
It remains to consider an algebra of the form
R = Mk(F) ⊗ Fσ [H ] ∼= Mk
(
Fσ [H ]),
a matrix algebra over the graded division algebra Fσ [H ] where H is a finite subgroup of G and
σ :H ×H → F ∗ is a 2-cocycle on H . The H -grading on Fσ [H ] is canonical and the G-grading
on Mk(F
σ [H ]) is defined by a k-tuple (a1, . . . , ak) ∈ Gk , so that deg(Eij ⊗xh) = a−1i haj for any
matrix unit Eij and any homogeneous element xh ∈ Fσ [H ]h. We want to show that R is graded
simple. Indeed, let us assume that J is a nonzero graded ideal of R. Then, Mk(F) being a central
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ideal of Fσ [H ]. Let 0 = s ∈ S. We decompose s as s = s1 + · · · + sm where st ∈ (F σ [H ])ht ,
ht = hu for t = u. Now for any j = 1, . . . , n we have Ejj ⊗ s ∈ J and degEjj ⊗ si = hi . Since
J is graded, Ejj ⊗ st ∈ J for any values of indexes j, t . Multiplying by homogeneous Eij ⊗ e
on the left, we obtain that Eij ⊗ st ∈ J for any i, j, t . Then also R ⊗ st ⊂ J and so st ∈ S, for all
j = 1, . . . ,m. This proves that S is a nonzero graded ideal of Fσ [H ]. Since this latter algebra is
obviously graded simple, we have S = Fσ [H ] and J = R.
Thus the following theorem is true.
Theorem 6. Let R =⊕g∈G Rg be a finite-dimensional algebra over an algebraically closed field
F graded by a cancellative semigroup G. Assume that either charF = 0 or charF is coprime
to the order of any finite subgroup of G. Then R is graded simple if and only if R is isomorphic
to Mk(F) ⊗ Fσ [H ] ∼= Mk(Fσ [H ]), a matrix algebra over the graded division algebra Fσ [H ]
where H is a finite subgroup of G and σ :H × H → F ∗ is a 2-cocycle on H . The H -grading
on Fσ [H ] is canonical and the G-grading on Mk(Fσ [H ]) is defined by a k-tuple (a1, . . . , ak)
of invertible elements of G, so that deg(Eij ⊗ xh) = a−1i haj for any matrix unit Eij and any
homogeneous element xh ∈ Fσ [H ]h.
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